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Let (tN} be a sequence of positive numbers satisfying the condition 
l&(t,y = 03, 
and denote by E(z) the entire function, 
E(z) = f F. 
n=o n 
IfF(z) is analytic in the neighborhood of the origin, and if 
(2) 
(3) 
for some finite value of q, then F is entire and for every positive number E 
there exists a positive number Al, such that 
I WI < KWz + ~1 I z II for all finite values of z. (4) 
A sequence of positive numbers satisfying (1) is called a C-sequence (com- 
parison sequence) if whenever an entire function F(z) has the property 
associated with (4) it also has the property (3). (In this case the function E(z) 
in (2) is called a comparison function). 
The best known C-sequence is the sequence t, = n!, but many others are 
known. In fact, it is known [I, 2, 31 that if t,+,/t, t co, then {tn} is a 
C-sequence. 
In this note we give an example of a C-sequence {t,,) for which t,+,/t, 
is not monotonic; in fact we shall show that the sequence 
to = 1; t,, = (2n + 1) (2n - l)!, n = 1, 2,...; 
t,,+i = (2n + l)!, 71 = 0, 1, 2 ,..., 
(5) 
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is a C-sequence. (We note that for this sequence t2fl+l/t2n = 2n while 
t2n/t2n-l = 2n + 1.) 
In [2] it is shown that a sufficient condition for a sequence of positive 
numbers {tn} satisfying (1) to be a C-sequence is that there exist positive 
numbers Y, such that 
(6) 
Since the summand in the limitand contains only positive terms and since 
it contains the term 1 for p = n, the condition 
(6)’ 
is equivalent to (6). 
To see that the sequence (5) is a C-sequence we first observe that (1) holds. 
We next prove 
LEMMA 1. The sequence (5) satisfies the inequality 
t&, < 271”~u; n = 1, 2 ,...; /L = 0, 1, 2 ,.... 
To prove the lemma we first note that if p > q then 
(7) 
p!/q! = p(p - 1) ..* (q + 1) < pfl-* 
and if p < q then 
p!/q! = l/[q(q - 1) *** (P + I)] < P?+Q 
and hence 
p!/q! < pp--4; p = 1, 2 ,...; q = 0, 1, 2 ).... (8) 
From (8) one proves (7) by considering separately the four cases, 
(i) n = 2p + 1, p = 2q + 1; (ii) n = 2p, p = 2q; (iii) n = 2p + 1, p = 2q 
and(iv)n=2p,p=2q+ 1. 
For case (i) 
to+1 - VP + l)! <(2p + ~)'"P+l'-'zQ+l' -- t 2Pfl c% + I)! ' 
and hence (7) holds for this case. For case (ii) 
(2P + 1) (2p - I)! ,( 2p(2p - I)! + (2p - l)! t2, 
t,, - (2q + 1) (2q - l)! 2q(2q - l)! + (2q - l)! 
,< 2 (2PY (2q)l < qqp-*4> 
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and (7) holds again. The other two cases are similar. Thus (7) holds in all 
cases. Having (7) we set 
r n=?.-l, n = 2, 3, 4 )...) 
in (6)‘. Using (7) we see that the limitand in (6)’ becomes 
(9) 
m (n - l)u t, m (n - l)u 
z. (n - 1)” t, d u;. (n - I>” 2te” = 2% 
n n 
t-1 n-l 
and hence (6)’ holds for this choice of rn . Thus the sequence (5) is a 
C-sequence. 
Using the same result cited above that (6) (or (6)‘) is a sufficient condition 
for a C-sequence we next prove the following. 
THEOREM. A suficient condition that a sequence of positive numbers {tn} 
satisfying (1) be a C-sequence is that there exist positive numbers 
a lb) p = 0, 1, 2,...; and M,, , n = 1, 2, 3 ,..., 
with 
li~+rrp(aJ” = 1, (10) 
such that 
t,lt, < a,M,“-” for p = 0, 1, 2 ,..., (11) 
and for all suficiently large integers n. 
Remark. For the sequence (5) p reviously considered we have (11) with 
a, = 2, M, = n. 
Proof of Theorem. With a, as in the theorem, define 
H(z) = f aUzU, 1x1 <l. (12) 
“=O 
Since the a, are positive and since (10) holds, it follows that H(z) maps 
P, 1) onto [a, , CO). For each positive integer n >, a, define a positive number 
b, such that’ 
W,) = n, n 3 a,. (13) 
We note that 6, t 1. With these values of 6, we have 
lim sup 
n+m 
1 I am indebted to Kenneth M. Hoffman for suggesting this method for defining 
the b,, . 
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If we now define 
then by (11) 
(16) 
and hence by (14) we have (6)’ and hence the Theorem. 
Remark. The monotonic case t,+,/t, f 00 follows from this Theorem with 
a, = 1 and Al,, = t,,+,/t, . 
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